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Problem 4.42

(a) Using Equation 4.190 and the generalized Ehrenfest theorem (3.73), show that

d⟨r⟩
dt

=
1

m
⟨(p− qA)⟩. (4.192)

Hint: This stands for three equations—one for each component. Work it out for, say, the x
component, and then generalize your result.

(b) As always (see Equation 1.32) we identify d⟨r⟩/dt with ⟨v⟩. Show that59

m
d⟨v⟩
dt

= q⟨E⟩+ q

2m
⟨(p×B−B× p)⟩ − q2

m
⟨(A×B)⟩. (4.193)

(c) In particular, if the fields E and B are uniform over the volume of the wave packet, show
that

m
d⟨v⟩
dt

= q(E+ ⟨v⟩ ×B), (4.194)

so the expectation value of v moves according to the Lorentz force law, as we would expect
from Ehrenfest’s theorem.

[TYPOS: A factor of 2 is needed in front of B× p in Equation (4.193). Also, the footnote has a
comma splice. Replace the comma before “but” with a semicolon or a period. This wave packet
hasn’t been introduced yet, so replace “the” with “a.”]

Solution

Part (a)

Calculate the time derivative of r, the position vector.

d⟨r⟩
dt

=
d

dt
⟨Ψ | r |Ψ⟩

=
d

dt

�

all space

Ψ∗rΨ dV

=
d

dt

�

all space

Ψ∗

 3∑
j=1

δjxj

Ψ dV

=

3∑
j=1

δj

�

all space

∂

∂t
(Ψ∗xjΨ) dV

=
3∑

j=1

δj

�

all space

(
∂Ψ∗

∂t
xjΨ + Ψ∗∂xj

∂t
Ψ︸ ︷︷ ︸

= 0

+Ψ∗xj
∂Ψ

∂t

)
dV

59Note that p does not commute with B, so (p × B) ̸= −(B × p), but A does commute with B, so (A × B) =
−(B×A).
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Use the Schrödinger equation to eliminate the time derivatives, and use the Hamiltonian for a
particle with mass m, charge q, and momentum p in the presence of electromagnetic fields. Note
that the Hamiltonian is hermitian (always), so Ĥ† = Ĥ. Recall that ∇(fg) = g∇f + f∇g.

d⟨r⟩
dt

=
3∑

j=1

δj

�

all space

[(
1

iℏ
ĤΨ

)∗
xjΨ+Ψ∗xj

(
1

iℏ
ĤΨ

)]
dV

=

3∑
j=1

δj

�

all space

[(
1

−iℏ
Ψ∗Ĥ†

)
xjΨ+Ψ∗xj

(
1

iℏ
ĤΨ

)]
dV

= − 1

iℏ

3∑
j=1

δj

�

all space

[
Ψ∗Ĥ(xjΨ)−Ψ∗xjĤΨ

]
dV

= − 1

iℏ

3∑
j=1

δj

�

all space

{
Ψ∗
[

1

2m
(p− qA)2 + qφ

]
xjΨ−Ψ∗xj

[
1

2m
(p− qA)2 + qφ

]
Ψ

}
dV

= − 1

iℏ

3∑
j=1

δj

�

all space

{
Ψ∗
[

1

2m
(−iℏ∇− qA)2 + qφ

]
xjΨ−Ψ∗xj

[
1

2m
(−iℏ∇− qA)2 + qφ

]
Ψ

}
dV

= − 1

iℏ

3∑
j=1

δj

�

all space

{
Ψ∗
[

1

2m
(iℏ∇+ qA)2 + qφ

]
xjΨ−Ψ∗xj

[
1

2m
(iℏ∇+ qA)2 + qφ

]
Ψ

}
dV

= − 1

iℏ

3∑
j=1

δj

�

all space

[
1

2m
Ψ∗(iℏ∇+ qA)2xjΨ+�����Ψ∗qφxjΨ− 1

2m
Ψ∗xj(iℏ∇+ qA)2Ψ−�����Ψ∗xjqφΨ

]
dV

= − 1

2imℏ

3∑
j=1

δj

�

all space

{
Ψ∗(iℏ∇+ qA) · [iℏ∇(xjΨ) + qA(xjΨ)]

−Ψ∗xj(iℏ∇+ qA) · (iℏ∇Ψ+ qAΨ)

}
dV

= − 1

2imℏ

3∑
j=1

δj

�

all space

{
Ψ∗(iℏ∇+ qA) · [iℏ(Ψ∇xj + xj∇Ψ) + qxjΨA]

−Ψ∗xj [i
2ℏ2(∇ ·∇Ψ) + iqℏ∇ · (AΨ) + iqℏ(A ·∇Ψ) + q2(A ·A)Ψ]

}
dV

= − 1

2imℏ

3∑
j=1

δj

�

all space

{
Ψ∗(iℏ∇+ qA) · (iℏΨδj + iℏxj∇Ψ+ qxjΨA)

−Ψ∗xj [−ℏ2(∇2Ψ) + iqℏ∇ · (AΨ) + iqℏ(A ·∇Ψ) + q2(A ·A)Ψ]

}
dV
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Continue the simplification, noting that ∇ · (fC) = f(∇ ·C) +C ·∇f .

d⟨r⟩
dt

= − 1

2imℏ

3∑
j=1

δj

�

all space

{
iℏΨ∗∇ · (iℏΨδj + iℏxj∇Ψ+ qxjΨA)

+ qΨ∗A · (iℏΨδj + iℏxj∇Ψ+ qxjΨA)

−Ψ∗xj [−ℏ2(∇2Ψ) + iqℏ∇ · (AΨ) + iqℏ(A ·∇Ψ) + q2(A ·A)Ψ]

}
dV

= − 1

2imℏ

3∑
j=1

δj

�

all space

[
i2ℏ2Ψ∗∇ · (Ψδj) + i2ℏ2Ψ∗∇ · (xj∇Ψ) + iqℏΨ∗∇ · (xjΨA)

+ iqℏΨ∗(A · δj)Ψ +(((((((((
iqℏΨ∗xj(A ·∇Ψ) +

hhhhhhhhhq2Ψ∗xjΨ(A ·A)

+ ℏ2Ψ∗xj∇2Ψ− iqℏΨ∗xj∇ · (AΨ)−(((((((((
iqℏΨ∗xj(A ·∇Ψ)−

hhhhhhhhhq2Ψ∗xj(A ·A)Ψ

]
dV

= − 1

2imℏ

3∑
j=1

δj

�

all space

{
−ℏ2Ψ∗[Ψ

= 0︷ ︸︸ ︷
(∇ · δj) + δj ·∇Ψ]− ℏ2Ψ∗[xj(∇ ·∇Ψ) +∇Ψ ·∇xj ]

+ iqℏΨ∗[xjΨ(∇ ·A) +A ·∇(xjΨ)]

+ iqℏΨ∗AjΨ+ ℏ2Ψ∗xj∇2Ψ− iqℏΨ∗xj [Ψ(∇ ·A) +A ·∇Ψ]

}
dV

= − 1

2imℏ

3∑
j=1

δj

�

all space

{
−ℏ2Ψ∗(∇Ψ · δj)−������

ℏ2Ψ∗xj∇2Ψ− ℏ2Ψ∗(∇Ψ · δj)

+
hhhhhhhhhiqℏΨ∗xjΨ(∇ ·A) + iqℏΨ∗[A ·∇(xjΨ)]

+ iqℏΨ∗AjΨ+������
ℏ2Ψ∗xj∇2Ψ−

hhhhhhhhhiqℏΨ∗xjΨ(∇ ·A)− iqℏΨ∗xjA ·∇Ψ

}
dV

= − 1

2imℏ

3∑
j=1

δj

�

all space

[
−2ℏ2Ψ∗(∇Ψ · δj) + iqℏΨ∗A · (Ψ∇xj + xj∇Ψ) + iqℏΨ∗AjΨ− iqℏΨ∗xjA ·∇Ψ

]
dV

= − 1

2imℏ

3∑
j=1

δj

�

all space

[
−2ℏ2Ψ∗ ∂Ψ

∂xj
+ iqℏΨ∗A · (Ψ∇xj) +((((((((

iqℏΨ∗xjA ·∇Ψ

+ iqℏΨ∗AjΨ−((((((((
iqℏΨ∗xjA ·∇Ψ

]
dV
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Continue the simplification.

d⟨r⟩
dt

= − 1

2imℏ

3∑
j=1

δj

�

all space

[
−2ℏ2Ψ∗ ∂Ψ

∂xj
+ iqℏΨ∗A · (Ψδj) + iqℏΨ∗AjΨ

]
dV

= − 1

2imℏ

3∑
j=1

δj

�

all space

[
−2ℏ2Ψ∗ ∂Ψ

∂xj
+ iqℏΨ∗(ΨAj) + iqℏΨ∗AjΨ

]
dV

= − 1

2imℏ

3∑
j=1

δj

�

all space

(
−2ℏ2Ψ∗ ∂Ψ

∂xj
+ 2iqℏΨ∗AjΨ

)
dV

=
1

m

3∑
j=1

δj

�

all space

(
ℏ
i
Ψ∗ ∂Ψ

∂xj
− qΨ∗AjΨ

)
dV

=
1

m

�

all space

ℏ
i
Ψ∗

 3∑
j=1

δj
∂Ψ

∂xj

− qΨ∗

 3∑
j=1

δjAj

Ψ

 dV

=
1

m

�

all space

[
ℏ
i
Ψ∗(∇Ψ)− qΨ∗AΨ

]
dV

=
1

m

�

all space

[Ψ∗(−iℏ∇)Ψ−Ψ∗(qA)Ψ] dV

=
1

m

�

all space

Ψ∗[(−iℏ∇)− (qA)]Ψ dV

=
1

m

�

all space

Ψ∗(p− qA)Ψ dV

=
1

m
⟨Ψ |p− qA |Ψ⟩

Therefore,
d⟨r⟩
dt

=
1

m
⟨p− qA⟩.
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Part (b)

Begin with the result of part (a), replace d⟨r⟩/dt with ⟨v⟩, multiply both sides by m, and
differentiate both sides with respect to t.

d⟨r⟩
dt

=
1

m
⟨p− qA⟩

⟨v⟩ = 1

m
⟨p− qA⟩

m⟨v⟩ = ⟨p− qA⟩

d

dt
(m⟨v⟩) = d

dt
⟨p− qA⟩

m
d⟨v⟩
dt

=
d

dt
⟨Ψ |p− qA |Ψ⟩

=
d

dt

�

all space

Ψ∗
[(

ℏ
i
∇
)
− (qA)

]
Ψ dV

=
d

dt

�

all space

[(−iℏ)Ψ∗∇Ψ− qΨ∗AΨ] dV

=

�

all space

∂

∂t
[(−iℏ)Ψ∗∇Ψ− qΨ∗AΨ] dV

= −iℏ
�

all space

∂

∂t
(Ψ∗∇Ψ) dV

− q

�

all space

∂

∂t
(Ψ∗AΨ) dV

= −iℏ
�

all space

[
∂Ψ∗

∂t
∇Ψ+Ψ∗∇

(
∂Ψ

∂t

)]
dV

− q

�

all space

(
∂Ψ∗

∂t
AΨ+Ψ∗∂A

∂t
Ψ+Ψ∗A

∂Ψ

∂t

)
dV

= −iℏ
�

all space

[(
1

iℏ
ĤΨ

)∗
∇Ψ+Ψ∗∇

(
1

iℏ
ĤΨ

)]
dV

− q

�

all space

[(
1

iℏ
ĤΨ

)∗
AΨ+Ψ∗∂A

∂t
Ψ+Ψ∗A

(
1

iℏ
ĤΨ

)]
dV
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Take the complex conjugate and substitute the appropriate Hamiltonian.

m
d⟨v⟩
dt

= −iℏ
�

all space

[(
1

−iℏ
Ψ∗Ĥ†

)
∇Ψ+Ψ∗∇

(
1

iℏ
ĤΨ

)]
dV

− q

�

all space

[(
1

−iℏ
Ψ∗Ĥ†

)
AΨ+Ψ∗∂A

∂t
Ψ+Ψ∗A

(
1

iℏ
ĤΨ

)]
dV

=

�

all space

[
Ψ∗Ĥ(∇Ψ)−Ψ∗∇(ĤΨ)

]
dV

+
q

iℏ

�

all space

[
Ψ∗Ĥ(AΨ)−Ψ∗A(ĤΨ)

]
dV

− q

�

all space

Ψ∗∂A

∂t
Ψ dV

=

�

all space

{
Ψ∗
[

1

2m
(p− qA)2 + qφ

]
∇Ψ−Ψ∗∇

[
1

2m
(p− qA)2 + qφ

]
Ψ

}
dV

+
q

iℏ

�

all space

{
Ψ∗
[

1

2m
(p− qA)2 + qφ

]
AΨ−Ψ∗A

[
1

2m
(p− qA)2 + qφ

]
Ψ

}
dV

− q

�

all space

Ψ∗∂A

∂t
Ψ dV

=

�

all space

{
Ψ∗
[

1

2m
(−iℏ∇− qA)2 + qφ

]
∇Ψ−Ψ∗∇

[
1

2m
(−iℏ∇− qA)2 + qφ

]
Ψ

}
dV

+
q

iℏ

�

all space

{
Ψ∗
[

1

2m
(−iℏ∇− qA)2 + qφ

]
AΨ−Ψ∗A

[
1

2m
(−iℏ∇− qA)2 + qφ

]
Ψ

}
dV

− q

�

all space

Ψ∗∂A

∂t
Ψ dV

=

�

all space

{
Ψ∗
[

1

2m
(iℏ∇+ qA)2 + qφ

]
∇Ψ−Ψ∗∇

[
1

2m
(iℏ∇+ qA)2 + qφ

]
Ψ

}
dV

+
q

iℏ

�

all space

{
Ψ∗
[

1

2m
(iℏ∇+ qA)2 + qφ

]
AΨ−Ψ∗A

[
1

2m
(iℏ∇+ qA)2 + qφ

]
Ψ

}
dV

− q

�

all space

Ψ∗∂A

∂t
Ψ dV
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Continue the simplification, noting that ∇(φΨ) = φ∇Ψ+Ψ∇φ.

m
d⟨v⟩
dt

=

�

all space

{
1

2m
Ψ∗(iℏ∇+ qA) · [iℏ∇(∇Ψ) + qA(∇Ψ)] + Ψ∗qφ∇Ψ− 1

2m
Ψ∗∇(iℏ∇+ qA) · (iℏ∇Ψ+ qAΨ)− qΨ∗∇(φΨ)

}
dV

+
q

iℏ

�

all space

{
1

2m
Ψ∗(iℏ∇+ qA) · [iℏ∇(AΨ) + qA(AΨ)] +������

Ψ∗qφ(AΨ)− 1

2m
Ψ∗A(iℏ∇+ qA) · (iℏ∇Ψ+ qAΨ)−�����qΨ∗AφΨ

}
dV

− q

�

all space

Ψ∗∂A

∂t
Ψ dV

=

�

all space

{
1

2m
Ψ∗(iℏ∇+ qA) · [iℏ∇(∇Ψ) + qA(∇Ψ)] +

XXXXXΨ∗qφ∇Ψ− 1

2m
Ψ∗∇(iℏ∇+ qA) · (iℏ∇Ψ+ qAΨ)−XXXXXqΨ∗φ∇Ψ− qΨ∗(∇φ)Ψ

}
dV

+
q

2imℏ

�

all space

{
Ψ∗(iℏ∇+ qA) · [iℏ∇(AΨ) + qA(AΨ)]−Ψ∗A(iℏ∇+ qA) · (iℏ∇Ψ+ qAΨ)

}
dV

− q

�

all space

Ψ∗∂A

∂t
Ψ dV

=
1

2m

�

all space

{
Ψ∗(iℏ∇+ qA) · [iℏ∇(∇Ψ) + qA(∇Ψ)]−Ψ∗∇(iℏ∇+ qA) · (iℏ∇Ψ+ qAΨ)

}
dV

+
q

2imℏ

�

all space

{
Ψ∗(iℏ∇+ qA) · [iℏ∇(AΨ) + qA(AΨ)]−Ψ∗A[−ℏ2(∇ ·∇Ψ) + iqℏ∇ · (AΨ) + iqℏ(A ·∇Ψ) + q2(A ·A)Ψ]

}
dV

+ q

�

all space

Ψ∗
(
−∇φ− ∂A

∂t

)
Ψ dV
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Continue the simplification, noting that E = −∇φ− ∂A/∂t.

m
d⟨v⟩
dt

=
1

2m

�

all space

{
Ψ∗(iℏ∇+ qA) · [iℏ∇(∇Ψ) + qA(∇Ψ)]−Ψ∗∇[−ℏ2(∇ ·∇Ψ) + iqℏ∇ · (AΨ) + iqℏ(A ·∇Ψ) + q2(A ·A)Ψ]

}
dV

+
q

2imℏ

�

all space

{
Ψ∗(iℏ∇+ qA) · [iℏ∇(AΨ) + qA(AΨ)]−Ψ∗A[−ℏ2(∇ ·∇Ψ) + iqℏ∇ · (AΨ) + iqℏ(A ·∇Ψ) + q2(A ·A)Ψ]

}
dV

+ q

�

all space

Ψ∗EΨ dV

=
1

2m

�

all space

{
Ψ∗(iℏ∇+ qA) · [iℏ∇(∇Ψ) + qA(∇Ψ)] + ℏ2Ψ∗∇(∇2Ψ)− iqℏΨ∗∇[∇ · (AΨ)]− iqℏΨ∗∇(A ·∇Ψ)− q2Ψ∗∇(A2Ψ)

}
dV

+
q

2imℏ

�

all space

{
Ψ∗(iℏ∇+ qA) · [iℏ∇(AΨ) + qA(AΨ)] + ℏ2Ψ∗A∇2Ψ− iqℏΨ∗A[∇ · (AΨ)]− iqℏΨ∗A(A ·∇Ψ)− q2A2Ψ∗AΨ

}
dV

+ q⟨Ψ |E |Ψ⟩

=
1

2m

�

all space

{
Ψ∗{−ℏ2[∇ ·∇(∇Ψ)] + iqℏ∇ · [A(∇Ψ)] + iqℏA · [∇(∇Ψ)] + q2A · (A∇Ψ)}

+ ℏ2Ψ∗∇(∇2Ψ)− iqℏΨ∗∇[∇ · (AΨ)]− iqℏΨ∗∇(A ·∇Ψ)− q2Ψ∗∇(A2Ψ)

}
dV

+
q

2imℏ

�

all space

{
Ψ∗{−ℏ2[∇ ·∇(AΨ)] + iqℏ[∇ · (AAΨ)] + iqℏ[A ·∇(AΨ)] + q2[A · (AAΨ)]}

+ ℏ2Ψ∗A∇2Ψ− iqℏΨ∗A[∇ · (AΨ)]− iqℏΨ∗A(A ·∇Ψ)− q2A2Ψ∗AΨ

}
dV

+ q⟨E⟩
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Continue the simplification.

m
d⟨v⟩
dt

=
1

2m

�

all space

{
−(((((((ℏ2Ψ∗∇2(∇Ψ) + iqℏΨ∗∇ · [A(∇Ψ)] + iqℏΨ∗A · [∇(∇Ψ)] + q2Ψ∗A · (A∇Ψ)

+(((((((ℏ2Ψ∗∇(∇2Ψ)− iqℏΨ∗∇[∇ · (AΨ)]− iqℏΨ∗∇(A ·∇Ψ)− q2Ψ∗∇(A2Ψ)

}
dV

+
q

2imℏ

�

all space

{
−ℏ2Ψ∗∇2(AΨ) + iqℏΨ∗[∇ · (AAΨ)] + iqℏΨ∗[A ·∇(AΨ)] +

hhhhhhhhhq2Ψ∗[A · (AAΨ)]

+ ℏ2Ψ∗A∇2Ψ− iqℏΨ∗A[∇ · (AΨ)]− iqℏΨ∗A(A ·∇Ψ)−
XXXXXXq2A2Ψ∗AΨ

}
dV

+ q⟨E⟩

These terms cancel because

∇2(∇Ψ) =

 3∑
j=1

∂2

∂x2j

( 3∑
k=1

δk
∂Ψ

∂xk

)
=

3∑
j=1

3∑
k=1

δk
∂2

∂x2j

(
∂Ψ

∂xk

)
=

3∑
j=1

3∑
k=1

δk
∂

∂xk

(
∂2Ψ

∂x2j

)
=

3∑
k=1

δk
∂

∂xk

 3∑
j=1

∂2Ψ

∂x2j

 = ∇(∇2Ψ),

and

A · (AAΨ) =

 3∑
j=1

δjAj

 ·
[(

3∑
k=1

δkAk

)(
3∑

l=1

δlAl

)
Ψ

]
=

 3∑
j=1

δjAj

 ·
(

3∑
k=1

3∑
l=1

δkδlAkAlΨ

)
=

3∑
j=1

3∑
k=1

3∑
l=1

= δjk︷ ︸︸ ︷
(δj · δk) δlAjAkAlΨ

=

3∑
k=1

3∑
l=1

δlAkAkAlΨ

=

(
3∑

k=1

A2
k

)(
3∑

l=1

δlAl

)
Ψ = A2AΨ.
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Continue the simplification, grouping the terms with iqℏ and q2 separately.

m
d⟨v⟩
dt

=
1

2m

�

all space

{
iqℏΨ∗∇ · [A(∇Ψ)] + iqℏΨ∗A · [∇(∇Ψ)] + q2Ψ∗A · (A∇Ψ)

− iqℏΨ∗∇[∇ · (AΨ)]− iqℏΨ∗∇(A ·∇Ψ)− q2Ψ∗∇(A2Ψ)

}
dV

+
1

2m

�

all space

{
iqℏΨ∗∇2(AΨ) + q2Ψ∗[∇ · (AAΨ)] + q2Ψ∗[A ·∇(AΨ)]

− iqℏΨ∗A∇2Ψ− q2Ψ∗A[∇ · (AΨ)]− q2Ψ∗A(A ·∇Ψ)

}
dV

+ q⟨E⟩

=
iqℏ
2m

�

all space

Ψ∗
{
∇ · [A(∇Ψ)] +A · [∇(∇Ψ)] +∇2(AΨ)

−∇[∇ · (AΨ)]−∇(A ·∇Ψ)−A∇2Ψ

}
dV

+
q2

2m

�

all space

Ψ∗
{
A · (A∇Ψ) +∇ · (AAΨ) +A ·∇(AΨ)

−∇(A2Ψ)−A[∇ · (AΨ)]−A(A ·∇Ψ)

}
dV

+ q⟨E⟩
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Expand all of the vectors and operators.

iqℏ
2m

�

all space

Ψ∗


 3∑

j=1

δj
∂

∂xj

 ·
[(

3∑
k=1

δkAk

)(
3∑

l=1

δl
∂Ψ

∂xl

)]
+

 3∑
j=1

δjAj

 ·
[(

3∑
k=1

δk
∂

∂xk

)(
3∑

l=1

δl
∂Ψ

∂xl

)]
+

(
3∑

k=1

∂2

∂x2k

)(
3∑

l=1

δlAlΨ

)

−

 3∑
j=1

δj
∂

∂xj

[( 3∑
k=1

δk
∂

∂xk

)
·
(

3∑
l=1

δlAlΨ

)]
−

 3∑
j=1

δj
∂

∂xj

[( 3∑
k=1

δkAk

)
·
(

3∑
l=1

δl
∂Ψ

∂xl

)]
−

(
3∑

k=1

δkAk

)(
3∑

l=1

∂2Ψ

∂x2l

) dV

+
q2

2m

�

all space

Ψ∗


 3∑

j=1

δjAj

 ·
(

3∑
k=1

δkAk

)(
3∑

l=1

δl
∂Ψ

∂xl

)
+

 3∑
j=1

δj
∂

∂xj

 ·
(

3∑
k=1

δkAk

)(
3∑

l=1

δlAlΨ

)
+

 3∑
j=1

δjAj

 ·
(

3∑
k=1

δk
∂

∂xk

)(
3∑

l=1

δlAlΨ

)

−

 3∑
j=1

δj
∂

∂xj

( 3∑
k=1

A2
kΨ

)
−

 3∑
j=1

δjAj

[( 3∑
k=1

δk
∂

∂xk

)
·
(

3∑
l=1

δlAlΨ

)]
−

 3∑
j=1

δjAj

[( 3∑
k=1

δkAk

)
·
(

3∑
l=1

δl
∂Ψ

∂xl

)] dV

+ q⟨E⟩ = m
d⟨v⟩
dt
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Continue the simplification.

m
d

dt
⟨v⟩ = iqℏ

2m

�

all space

Ψ∗

 3∑
j=1

δj
∂

∂xj

 ·
(

3∑
k=1

3∑
l=1

δkδlAk
∂Ψ

∂xl

)
+

 3∑
j=1

δjAj

 ·
(

3∑
k=1

3∑
l=1

δkδl
∂2Ψ

∂xk∂xl

)
+

3∑
k=1

3∑
l=1

δl
∂2

∂x2k
(AlΨ)

−

 3∑
j=1

δj
∂

∂xj

 3∑
k=1

3∑
l=1

(δk · δl)
∂

∂xk
(AlΨ)−

 3∑
j=1

δj
∂

∂xj

 3∑
k=1

3∑
l=1

(δk · δl)Ak
∂Ψ

∂xl
−

3∑
k=1

3∑
l=1

δkAk
∂2Ψ

∂x2l

 dV

+
q2

2m

�

all space

Ψ∗

 3∑
j=1

δjAj

 ·
(

3∑
k=1

3∑
l=1

δkδlAk
∂Ψ

∂xl

)
+

 3∑
j=1

δj
∂

∂xj

 ·
(

3∑
k=1

3∑
l=1

δkδlAkAlΨ

)
+

 3∑
j=1

δjAj

 ·
3∑

k=1

3∑
l=1

δkδl
∂

∂xk
(AlΨ)

−
3∑

j=1

3∑
k=1

δj
∂

∂xj
(A2

kΨ)−

 3∑
j=1

δjAj

 3∑
k=1

3∑
l=1

(δk · δl)
∂

∂xk
(AlΨ)−

 3∑
j=1

δjAj

 3∑
k=1

3∑
l=1

(δk · δl)Ak
∂Ψ

∂xl

 dV

+ q⟨E⟩
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Continue the simplification.

m
d⟨v⟩
dt

=
iqℏ
2m

�

all space

Ψ∗

 3∑
j=1

3∑
k=1

3∑
l=1

(δj · δk)δl
∂

∂xj

(
Ak

∂Ψ

∂xl

)
+

3∑
j=1

3∑
k=1

3∑
l=1

(δj · δk)δlAj
∂2Ψ

∂xk∂xl
+

3∑
k=1

3∑
l=1

δl
∂2

∂x2k
(AlΨ)

−

 3∑
j=1

δj
∂

∂xj

 3∑
k=1

3∑
l=1

δkl
∂

∂xk
(AlΨ)−

 3∑
j=1

δj
∂

∂xj

 3∑
k=1

3∑
l=1

δklAk
∂Ψ

∂xl
−

3∑
k=1

3∑
l=1

δkAk
∂2Ψ

∂x2l

 dV

+
q2

2m

�

all space

Ψ∗

 3∑
j=1

3∑
k=1

3∑
l=1

(δj · δk)δlAjAk
∂Ψ

∂xl
+

3∑
j=1

3∑
k=1

3∑
l=1

(δj · δk)δl
∂

∂xj
(AkAlΨ) +

3∑
j=1

3∑
k=1

3∑
l=1

(δj · δk)δlAj
∂

∂xk
(AlΨ)

−
3∑

j=1

3∑
k=1

δj
∂

∂xj
(A2

kΨ)−

 3∑
j=1

δjAj

 3∑
k=1

3∑
l=1

δkl
∂

∂xk
(AlΨ)−

 3∑
j=1

δjAj

 3∑
k=1

3∑
l=1

δklAk
∂Ψ

∂xl

 dV

+ q⟨E⟩
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Continue the simplification.

m
d⟨v⟩
dt

=
iqℏ
2m

�

all space

Ψ∗

 3∑
j=1

3∑
k=1

3∑
l=1

δjkδl
∂

∂xj

(
Ak

∂Ψ

∂xl

)
+

3∑
j=1

3∑
k=1

3∑
l=1

δjkδlAj
∂2Ψ

∂xk∂xl
+

3∑
k=1

3∑
l=1

δl
∂2

∂x2k
(AlΨ)

−

 3∑
j=1

δj
∂

∂xj

 3∑
k=1

∂

∂xk
(AkΨ)−

 3∑
j=1

δj
∂

∂xj

 3∑
k=1

Ak
∂Ψ

∂xk
−

3∑
k=1

3∑
l=1

δkAk
∂2Ψ

∂x2l

 dV

+
q2

2m

�

all space

Ψ∗

 3∑
j=1

3∑
k=1

3∑
l=1

δjkδlAjAk
∂Ψ

∂xl
+

3∑
j=1

3∑
k=1

3∑
l=1

δjkδl
∂

∂xj
(AkAlΨ) +

3∑
j=1

3∑
k=1

3∑
l=1

δjkδlAj
∂

∂xk
(AlΨ)

−
3∑

j=1

3∑
k=1

δj
∂

∂xj
(A2

kΨ)−

 3∑
j=1

δjAj

 3∑
k=1

∂

∂xk
(AkΨ)−

 3∑
j=1

δjAj

 3∑
k=1

Ak
∂Ψ

∂xk

 dV

+ q⟨E⟩
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Continue the simplification.

m
d⟨v⟩
dt

=
iqℏ
2m

�

all space

Ψ∗

[
3∑

k=1

3∑
l=1

δl
∂

∂xk

(
Ak

∂Ψ

∂xl

)
+

3∑
k=1

3∑
l=1

δlAk
∂2Ψ

∂xk∂xl
+

3∑
k=1

3∑
l=1

δl
∂2

∂x2k
(AlΨ)

−
3∑

j=1

3∑
k=1

δj
∂2

∂xj∂xk
(AkΨ)−

3∑
j=1

3∑
k=1

δj
∂

∂xj

(
Ak

∂Ψ

∂xk

)
−

3∑
k=1

3∑
l=1

δkAk
∂2Ψ

∂x2l

 dV

+
q2

2m

�

all space

Ψ∗

[
3∑

k=1

3∑
l=1

δlAkAk
∂Ψ

∂xl
+

3∑
k=1

3∑
l=1

δl
∂

∂xk
(AkAlΨ) +

3∑
k=1

3∑
l=1

δlAk
∂

∂xk
(AlΨ)

−
3∑

j=1

3∑
k=1

δj
∂

∂xj
(A2

kΨ)−
3∑

j=1

3∑
k=1

δjAj
∂

∂xk
(AkΨ)−

3∑
j=1

3∑
k=1

δjAjAk
∂Ψ

∂xk

 dV

+ q⟨E⟩
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Relabel the dummy index j as l so that the unit vector is the same in each term. This allows the entire expression to be factored.

m
d⟨v⟩
dt

=
iqℏ
2m

�

all space

Ψ∗

[
3∑

k=1

3∑
l=1

δl
∂

∂xk

(
Ak

∂Ψ

∂xl

)
+

3∑
k=1

3∑
l=1

δlAk
∂2Ψ

∂xk∂xl
+

3∑
k=1

3∑
l=1

δl
∂2

∂x2k
(AlΨ)

−
3∑

l=1

3∑
k=1

δl
∂2

∂xl∂xk
(AkΨ)−

3∑
l=1

3∑
k=1

δl
∂

∂xl

(
Ak

∂Ψ

∂xk

)
−

3∑
l=1

3∑
k=1

δlAl
∂2Ψ

∂x2k

]
dV

+
q2

2m

�

all space

Ψ∗

[
3∑

k=1

3∑
l=1

δlAkAk
∂Ψ

∂xl
+

3∑
k=1

3∑
l=1

δl
∂

∂xk
(AkAlΨ) +

3∑
k=1

3∑
l=1

δlAk
∂

∂xk
(AlΨ)

−
3∑

l=1

3∑
k=1

δl
∂

∂xl
(A2

kΨ)−
3∑

l=1

3∑
k=1

δlAl
∂

∂xk
(AkΨ)−

3∑
l=1

3∑
k=1

δlAlAk
∂Ψ

∂xk

]
dV

+ q⟨E⟩

=
iqℏ
2m

�

all space

Ψ∗
3∑

k=1

3∑
l=1

δl

[
∂

∂xk

(
Ak

∂Ψ

∂xl

)
+Ak

∂2Ψ

∂xk∂xl
+

∂2

∂x2k
(AlΨ)− ∂2

∂xl∂xk
(AkΨ)− ∂

∂xl

(
Ak

∂Ψ

∂xk

)
−Al

∂2Ψ

∂x2k

]
dV

+
q2

2m

�

all space

Ψ∗
3∑

k=1

3∑
l=1

δl

[
A2

k

∂Ψ

∂xl
+

∂

∂xk
(AkAlΨ) +Ak

∂

∂xk
(AlΨ)− ∂

∂xl
(A2

kΨ)−Al
∂

∂xk
(AkΨ)−AlAk

∂Ψ

∂xk

]
dV

+ q⟨E⟩
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Take derivatives using the product rule and then simplify the result.

m
d⟨v⟩
dt

=
iqℏ
2m

�

all space

Ψ∗
3∑

k=1

3∑
l=1

δl

[(
∂Ak

∂xk

∂Ψ

∂xl
+Ak

∂2Ψ

∂xk∂xl

)
+Ak

∂2Ψ

∂xk∂xl
+

∂

∂xk

(
∂Al

∂xk
Ψ+Al

∂Ψ

∂xk

)

− ∂

∂xl

(
∂Ak

∂xk
Ψ+Ak

∂Ψ

∂xk

)
−
(
∂Ak

∂xl

∂Ψ

∂xk
+Ak

∂2Ψ

∂xl∂xk

)
−Al

∂2Ψ

∂x2k

]
dV

+
q2

2m

�

all space

Ψ∗
3∑

k=1

3∑
l=1

δl

[
A2

k

∂Ψ

∂xl
+

(
∂Ak

∂xk
AlΨ+Ak

∂Al

∂xk
Ψ+AkAl

∂Ψ

∂xk

)
+Ak

(
∂Al

∂xk
Ψ+Al

∂Ψ

∂xk

)

−
(
2Ak

∂Ak

∂xl
Ψ+A2

k

∂Ψ

∂xl

)
−Al

(
∂Ak

∂xk
Ψ+Ak

∂Ψ

∂xk

)
−AlAk

∂Ψ

∂xk

]
dV

+ q⟨E⟩

=
iqℏ
2m

�

all space

Ψ∗
3∑

k=1

3∑
l=1

δl

(
�
�

�
��∂Ak

∂xk

∂Ψ

∂xl
+
HH

HHHH
Ak

∂2Ψ

∂xk∂xl
+
HHH

HHH
Ak

∂2Ψ

∂xk∂xl
+

∂2Al

∂x2k
Ψ+

∂Al

∂xk

∂Ψ

∂xk
+

∂Al

∂xk

∂Ψ

∂xk
+

�
�
�
�@

@
@
@

Al
∂2Ψ

∂x2k

− ∂2Ak

∂xl∂xk
Ψ−

�
�
�

��∂Ak

∂xk

∂Ψ

∂xl
− ∂Ak

∂xl

∂Ψ

∂xk
−
HH

HHHH
Ak

∂2Ψ

∂xl∂xk
− ∂Ak

∂xl

∂Ψ

∂xk
−
HH

HHHH
Ak

∂2Ψ

∂xl∂xk
−
�

�
�
�@

@
@
@

Al
∂2Ψ

∂x2k

)
dV

+
q2

2m

�

all space

Ψ∗
3∑

k=1

3∑
l=1

δl

(
�

�
��A2

k

∂Ψ

∂xl
+
HH

HHH

∂Ak

∂xk
AlΨ+Ak

∂Al

∂xk
Ψ+

�
����HHH

HH
AkAl

∂Ψ

∂xk
+Ak

∂Al

∂xk
Ψ+

�
����HHH

HH
AkAl

∂Ψ

∂xk

−2Ak
∂Ak

∂xl
Ψ−

�
�

��A2
k

∂Ψ

∂xl
−
H

HHHH
Al

∂Ak

∂xk
Ψ−

��
���HH
HHH

AkAl
∂Ψ

∂xk
−
��

���HH
HHH

AlAk
∂Ψ

∂xk

)
dV

+ q⟨E⟩
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Continue the simplification, noting that ∇× (∇×A) = ∇(∇ ·A)−∇2A.

m
d⟨v⟩
dt

=
iqℏ
2m

�

all space

Ψ∗
3∑

k=1

3∑
l=1

δl

(
∂2Al

∂x2k
Ψ+ 2

∂Al

∂xk

∂Ψ

∂xk
− ∂2Ak

∂xl∂xk
Ψ− 2

∂Ak

∂xl

∂Ψ

∂xk

)
dV

+
q2

2m

�

all space

Ψ∗
3∑

k=1

3∑
l=1

δl

(
2Ak

∂Al

∂xk
Ψ− 2Ak

∂Ak

∂xl
Ψ

)
dV

+ q⟨E⟩

=
iqℏ
2m

�

all space

Ψ∗

[
3∑

k=1

∂2

∂x2k

(
3∑

l=1

δlAl

)
Ψ+ 2

3∑
k=1

3∑
l=1

δl

(
∂Al

∂xk
− ∂Ak

∂xl

)
∂Ψ

∂xk
−

3∑
l=1

δl
∂

∂xl

(
3∑

k=1

∂Ak

∂xk

)
Ψ

]
dV

+
q2

m

�

all space

Ψ∗
3∑

k=1

3∑
l=1

δlAk

(
∂Al

∂xk
− ∂Ak

∂xl

)
Ψ dV

+ q⟨E⟩

=
iqℏ
2m

�

all space

Ψ∗

[
(∇2A)Ψ + 2

(
3∑

k=1

3∑
l=1

δl
∂Al

∂xk

∂Ψ

∂xk
−

3∑
k=1

3∑
l=1

δl
∂Ak

∂xl

∂Ψ

∂xk

)
−∇(∇ ·A)Ψ

]
dV

+
q2

m

�

all space

Ψ∗

(
3∑

k=1

3∑
l=1

δlAk
∂Al

∂xk
−

3∑
k=1

3∑
l=1

δlAk
∂Ak

∂xl

)
Ψ dV

+ q⟨E⟩

=
iqℏ
2m

�

all space

Ψ∗

{
−[∇(∇ ·A)−∇2A]Ψ + 2

(
3∑

k=1

3∑
l=1

δk
∂Ak

∂xl

∂Ψ

∂xl
−

3∑
k=1

3∑
l=1

δl
∂Ak

∂xl

∂Ψ

∂xk

)}
dV

+
q2

m

�

all space

Ψ∗

(
3∑

k=1

3∑
l=1

δkAl
∂Ak

∂xl
−

3∑
k=1

3∑
l=1

δlAk
∂Ak

∂xl

)
Ψ dV

+ q⟨E⟩

=
iqℏ
2m

�

all space

Ψ∗

{
−[∇× (∇×A)]Ψ + 2

(
3∑

b=1

3∑
k=1

3∑
l=1

δblδk
∂Ak

∂xl

∂Ψ

∂xb
−

3∑
b=1

3∑
k=1

3∑
l=1

δbkδl
∂Ak

∂xl

∂Ψ

∂xb

)}
dV

+
q2

m

�

all space

Ψ∗

(
3∑

b=1

3∑
k=1

3∑
l=1

δblδkAb
∂Ak

∂xl
−

3∑
b=1

3∑
k=1

3∑
l=1

δbkδlAb
∂Ak

∂xl

)
Ψ dV

+ q⟨E⟩
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Continue the simplification.

m
d⟨v⟩
dt

=
iqℏ
2m

�

all space

Ψ∗

{
−[∇× (∇×A)]Ψ + 2

(
3∑

a=1

3∑
b=1

3∑
k=1

3∑
l=1

δakδblδa
∂Ak

∂xl

∂Ψ

∂xb
−

3∑
a=1

3∑
b=1

3∑
k=1

3∑
l=1

δalδbkδa
∂Ak

∂xl

∂Ψ

∂xb

)}
dV

+
q2

m

�

all space

Ψ∗

(
3∑

a=1

3∑
b=1

3∑
k=1

3∑
l=1

δakδblδaAb
∂Ak

∂xl
−

3∑
a=1

3∑
b=1

3∑
k=1

3∑
l=1

δalδbkδaAb
∂Ak

∂xl

)
Ψ dV

+ q⟨E⟩

=
iqℏ
2m

�

all space

Ψ∗

{
−[∇× (∇×A)]Ψ + 2

3∑
a=1

3∑
b=1

3∑
k=1

3∑
l=1

(δakδbl − δalδbk)δa
∂Ak

∂xl

∂Ψ

∂xb

}
dV

+
q2

m

�

all space

Ψ∗
3∑

a=1

3∑
b=1

3∑
k=1

3∑
l=1

(δakδbl − δalδbk)δaAb
∂Ak

∂xl
Ψ dV

+ q⟨E⟩

=
iqℏ
2m

�

all space

Ψ∗

−[∇× (∇×A)]Ψ + 2

3∑
a=1

3∑
b=1

3∑
k=1

3∑
l=1

 3∑
j=1

εjabεjkl

 δa
∂Ak

∂xl

∂Ψ

∂xb

 dV

+
q2

m

�

all space

Ψ∗
3∑

a=1

3∑
b=1

3∑
k=1

3∑
l=1

 3∑
j=1

εjabεjkl

 δaAb
∂Ak

∂xl
Ψ dV

+ q⟨E⟩
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Continue the simplification.

m
d⟨v⟩
dt

=
iqℏ
2m

�

all space

Ψ∗

−[∇× (∇×A)]Ψ + 2
3∑

a=1

3∑
b=1

3∑
j=1

3∑
k=1

3∑
l=1

εjabεjklδa
∂Ak

∂xl

∂Ψ

∂xb

 dV

+
q2

m

�

all space

Ψ∗
3∑

a=1

3∑
b=1

3∑
j=1

3∑
k=1

3∑
l=1

εjabεjklδaAb
∂Ak

∂xl
Ψ dV

+ q⟨E⟩

=
iqℏ
2m

�

all space

Ψ∗

−[∇× (∇×A)]Ψ + 2
3∑

a=1

3∑
b=1

3∑
j=1

εjabδa

(
3∑

k=1

3∑
l=1

εjkl
∂Ak

∂xl

)
∂Ψ

∂xb

 dV

+
q2

m

�

all space

Ψ∗
3∑

a=1

3∑
b=1

3∑
j=1

εjabδaAb

(
3∑

k=1

3∑
l=1

εjkl
∂Ak

∂xl

)
Ψ dV

+ q⟨E⟩

=
iqℏ
2m

�

all space

Ψ∗

−[∇× (∇×A)]Ψ + 2

3∑
a=1

3∑
b=1

3∑
j=1

εjabδa

(
−

3∑
k=1

3∑
l=1

εjlk
∂Ak

∂xl

)
∂Ψ

∂xb

 dV

+
q2

m

�

all space

Ψ∗
3∑

a=1

3∑
b=1

3∑
j=1

εjabδaAb

(
−

3∑
k=1

3∑
l=1

εjlk
∂Ak

∂xl

)
Ψ dV

+ q⟨E⟩

=
iqℏ
2m

�

all space

Ψ∗

−[∇× (∇×A)]Ψ + 2
3∑

a=1

3∑
b=1

3∑
j=1

(−εjab)δa(∇×A)j
∂Ψ

∂xb

 dV

− q2

m

�

all space

Ψ∗
3∑

a=1

3∑
b=1

3∑
j=1

εjabδaAb(∇×A)jΨ dV

+ q⟨E⟩

www.stemjock.com



Griffiths Quantum Mechanics 3e: Problem 4.42 Page 21 of 24

Continue the simplification.

m
d⟨v⟩
dt

=
iqℏ
2m

�

all space

Ψ∗

−[∇× (∇×A)]Ψ + 2

 3∑
a=1

3∑
b=1

3∑
j=1

εajbδa(∇×A)j
∂Ψ

∂xb

 dV

− q2

m

�

all space

Ψ∗

 3∑
a=1

3∑
b=1

3∑
j=1

εabjδaAb(∇×A)j

Ψ dV

+ q⟨E⟩

=
iqℏ
2m

�

all space

Ψ∗ {−[∇× (∇×A)]Ψ + 2[(∇×A)× (∇Ψ)]} dV

− q2

m

�

all space

Ψ∗[A× (∇×A)]Ψ dV

+ q⟨E⟩

=
q

2m

�

all space

Ψ∗ {[(−iℏ∇)× (∇×A)]Ψ− 2[(∇×A)× (−iℏ∇Ψ)]} dV

− q2

m

�

all space

Ψ∗[A× (∇×A)]Ψ dV

+ q⟨E⟩

=
q

2m

�

all space

Ψ∗ [(p×B)Ψ− 2(B× p)Ψ] dV

− q2

m

�

all space

Ψ∗(A×B)Ψ dV

+ q⟨E⟩

= q⟨E⟩+ q

2m

�

all space

Ψ∗(p×B− 2B× p)Ψ dV − q2

m

�

all space

Ψ∗(A×B)Ψ dV

= q⟨E⟩+ q

2m
⟨Ψ |p×B− 2B× p |Ψ⟩ − q2

m
⟨Ψ |A×B |Ψ⟩

Therefore,

m
d⟨v⟩
dt

= q⟨E⟩+ q

2m
⟨p×B− 2B× p⟩ − q2

m
⟨A×B⟩.
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Part (c)

Begin with the result of part (b).

m
d⟨v⟩
dt

= q⟨E⟩+ q

2m
⟨p×B− 2B× p⟩ − q2

m
⟨A×B⟩

= q⟨Ψ |E |Ψ⟩+ q

2m
⟨Ψ |p×B− 2B× p |Ψ⟩ − q2

m
⟨Ψ |A×B |Ψ⟩

=
q

2m

�

all space

Ψ∗(p×B− 2B× p)Ψ dV

− q2

m

�

all space

Ψ∗(A×B)Ψ dV

+ q

�

all space

Ψ∗EΨ dV

=
q

2m

�

all space

Ψ∗[(−iℏ∇)×B− 2B× (−iℏ∇)]Ψ dV

− q2

m

�

all space

Ψ∗(A×B)Ψ dV

+ q

�

all space

Ψ∗EΨ dV

=
iqℏ
2m

�

all space

Ψ∗[−(∇×B)Ψ + 2B× (∇Ψ)] dV

− q2

m

�

all space

Ψ∗(A×B)Ψ dV

+ q

�

all space

Ψ∗EΨ dV

www.stemjock.com



Griffiths Quantum Mechanics 3e: Problem 4.42 Page 23 of 24

By assuming that E and B are uniform inside a wave packet and zero outside of it, they can be
treated as constants.

m
d⟨v⟩
dt

=
iqℏ
2m

�

all space

Ψ∗[2B× (∇Ψ)− (∇×B)Ψ] dV

− q2

m

�

all space

Ψ∗(A×B)Ψ dV

+ q

�

all space

Ψ∗EΨ dV

=
iqℏ
2m

�

all space

Ψ∗

 3∑
j=1

3∑
k=1

3∑
l=1

εjklδj2Bk
∂Ψ

∂xl
−

3∑
j=1

3∑
k=1

3∑
l=1

εjklδj

= 0︷︸︸︷
∂Bl

∂xk
Ψ

 dV

− q2

m

�

all space

Ψ∗

 3∑
j=1

3∑
k=1

3∑
l=1

εjklδjAkBl

Ψ dV

+ q

�

all space

Ψ∗EΨ dV

=
iqℏ
2m

2
3∑

j=1

3∑
k=1

3∑
l=1

εjklδjBk

�

all space

Ψ∗ ∂Ψ

∂xl
dV − 0


− q2

m

3∑
j=1

3∑
k=1

3∑
l=1

εjklδjBl

�

all space

Ψ∗AkΨ dV

+ qE

�

all space

Ψ∗Ψ dV

= − q

m

3∑
j=1

3∑
k=1

3∑
l=1

εjklδjBk

�

all space

Ψ∗
(
−iℏ

∂

∂xl

)
Ψ dV

− q2

m

3∑
j=1

3∑
k=1

3∑
l=1

εjklδjBl

�

all space

Ψ∗AkΨ dV

+ qE(1)
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Continue the simplification.

m
d⟨v⟩
dt

= − q

m

3∑
j=1

3∑
k=1

3∑
l=1

εjklδjBk⟨Ψ | p̂l |Ψ⟩

− q2

m

3∑
j=1

3∑
k=1

3∑
l=1

εjklδjBl⟨Ψ |Ak |Ψ⟩

+ qE

= − q

m

3∑
j=1

3∑
k=1

3∑
l=1

εjklδjBk⟨pl⟩

− q2

m

3∑
j=1

3∑
k=1

3∑
l=1

εjklδjBl⟨Ak⟩

+ qE

=
q

m

3∑
j=1

3∑
k=1

3∑
l=1

εjlkδj⟨pl⟩Bk

− q

m

3∑
j=1

3∑
k=1

3∑
l=1

εjklδj(q⟨Ak⟩)Bl

+ qE

= qE+
q

m
(⟨p⟩ ×B)− q

m
[(q⟨A⟩)×B]

= qE+
q

m
(⟨p⟩ − q⟨A⟩)×B

= qE+ q

(
1

m
⟨p− qA⟩

)
×B

= qE+ q⟨v⟩ ×B

Therefore,

m
d⟨v⟩
dt

= q(E+ ⟨v⟩ ×B).
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